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FORMAL OSCILLATORY INTEGRALS AND
DEFORMATION QUANTIZATION
ALEXANDER KARABEGOV
Abstract. Following [14] and [12], we formalize the notion of an
oscillatory integral interpreted as a functional on the amplitudes
supported near a fixed critical point x0 of the phase function with
zero critical value. We relate to an oscillatory integral two objects,
a formal oscillatory integral kernel and the full formal asymptotic
expansion at x0. The formal asymptotic expansion is a formal dis-
tribution supported at x0 which is applied to the amplitude. In [12]
this distribution itself is called a formal oscillatory integral (FOI).
We establish a correspondence between the formal oscillatory in-
tegral kernels and the FOIs based upon a number of axiomatic
properties of a FOI expressed in terms of its formal integral ker-
nel. Then we consider a family of polydifferential operators related
to a star product with separation of variables on a pseudo-Ka¨hler
manifold. These operators evaluated at a point are FOIs. We
completely identify their formal oscillatory kernels.
1. Introduction
Several constructions of star products on symplectic manifolds are
obtained from full asymptotic expansions of some oscillatory integrals
depending on a small parameter h. In the resulting expansion the
numerical parameter h is replaced with the formal parameter ν.
The most important examples are the asymptotic expansions of the
composition formula of Weyl symbols which leads to the Moyal-Weyl
star product and of the Berezin transform which leads to the Wick
and anti-Wick star products or, more generally, to the Berezin and
Berezin-Toeplitz star products (see, e.g., [5] and [12]).
It turns out that the formal distribution obtained from the asymp-
totic expansion of an oscillatory integral and supported at a critical
point x0 of the phase function still “remembers” some formal version
of the oscillatory integral from which it was obtained. One can recover
the full jet of the formal oscillatory integral kernel at x0 from such a
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formal distribution and the formal distribution itself can be obtained
from the full jet of the formal oscillatory integral kernel at x0.
The stationary phase method for a real phase function was com-
pletely formalized in [14]. Namely, the formal oscillatory integral
(1) J(f) = ν−
n
2
∫
(x0)
eν
−1ψ(x)f(x)dx,
where ψ is a real phase function on Rn with a nondegenerate critical
point x0 and f ∈ C∞(Rn) is an amplitude supported near x0, is ex-
pressed in [14] by an explicit formula as a full formal asymptotic series
multiplied by the formal oscillatory exponent
exp
{
ν−1ψ(x0)
}
.
This formula contains the square root of the determinant of the Hes-
sian of ψ at x0 and depends on the index of inertia of the Hessian.
Moreover, the numerical parameter in the non-formal oscillatory inte-
gral which produces this asymptotic series in [14] is purely imaginary.
If the critical value of the phase function is zero, ψ(x0) = 0, then the
functional f 7→ J(f) is a formal distribution supported at x0.
In this paper we extend the formal asymptotic expansion from [14]
to the case when the phase function is complex. Given the formal
integral (1) with a general complex phase function, we determine the
corresponding asymptotic series only up to a sign. However, we are
able to fix the sign in the important case when the Hessian of the
phase function is of the Hermitian type.
In deformation quantization on a manifold M we encounter various
formal polydifferential operators. Given an operator C(f1, . . . , fl) and
a point x0 ∈M , we consider the formal distribution
(2) f1, . . . , fl 7→ C(f1, . . . , fl)(x0)
on M l supported at the point x0
(l) := (x0, . . . , x0) ∈ M l. Sometimes
such distributions are given by formal oscillatory integrals. Our pri-
mary goal is to identify their formal oscillatory kernels. These formal
kernels can be interpreted as quantum geometric objects which encode
important information about the star product. A similar quantum ge-
ometrical approach to formal oscillatory functions is developed in [15].
The formal distribution obtained from a formal oscillatory integral
satisfies several axiomatic properties expressed in terms of the formal
oscillatory kernel. These properties correspond to the integration by
parts and differentiation with respect to the formal parameter of the
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formal integral. In particular examples, if we have a conjectural oscil-
latory kernel of a formal distribution, we can verify it by checking the
axioms.
In [12] a list of axioms is given which allows to associate a class
of formal oscillatory kernels with a formal distribution determined up
to a formal multiplicative constant. In [12] and in this paper such
distributions themselves are called formal oscillatory integrals (FOI),
which is a slight abuse of terminology. In this paper we add more
axioms which allows to obtain a bijection between the formal oscillatory
kernels and the formal oscillatory integrals. The more axioms we add,
the tighter is the connection between the formal kernels and the FOIs.
One can check by a tedious calculation that the asymptotic expansion
of (1) from [14] satisfies our axioms.
The formal oscillatory kernel considered in [12] and in this paper has
a more general format than that in (1). It contains a formal phase
function and a formal volume form on a manifold, and the exposition
is coordinate independent. In [12] two important examples of FOIs
related to deformation quantization with separation of variables on a
pseudo-Ka¨hler manifold M were considered. They are obtained from
the formal Berezin transform and the so called twisted product. Given
a star product with separation of variables on a manifold M , we con-
sider a family of polydifferential operators related to it. Evaluating
these operators at a point x0 ∈ M as in (2), we obtain for each l ∈ N
a FOI K(l) on M l at the point x0
(l) ∈ M l and determine its formal
oscillatory integral kernel. It includes the two examples from [12] as
K(1) and K(2), respectively. In the non-formal integrals in the Berezin’s
quantization formalism the small parameter h is positive and the Hes-
sian of the phase function is of the Hermitian type, which affects some
of the conventions used in our paper.
Acknowledgments. I want to express my gratitude to Theodore
Voronov for an important discussion of the formal stationary phase
method which has helped me to revise and improve the exposition.
2. Formal oscillatory integrals
Given a vector space V , denote by V ((ν)) the space of formal vectors
v = νkvk + ν
k+1vk+1 + . . . ,
where k ∈ Z and vr ∈ V for r ≥ k. Let M be an oriented manifold 1
of dimension n and let x0 be a fixed point in M . Consider a complex
1We require throughout the paper that the manifold M be oriented in order to
deal with volume forms instead of densities.
4 ALEXANDER KARABEGOV
formal phase function ϕ = ν−1ϕ−1 + ϕ0 + . . . on M such that x0 is
a nondegenerate critical point of the function ϕ−1 with zero critical
value, ϕ−1(x0) = 0, and a formal volume form ρ = ρ0+ νρ1+ . . . on M
such that ρ0 does not vanish at x0. We want to interpret the following
formal expression,
(3) J(f) = ν−
n
2
∫
(x0)
eϕf ρ,
where f ∈ C∞(M)((ν)), as a formal distribution supported at x0 which
satisfies formal algebraic properties of an integral and agrees with the
stationary phase method. To this end we give an axiomatic definition
of what is called a formal oscillatory integral (FOI) in [12]. Let ϕ and ρ
be as above.
A FOI on the manifold M at the point x0 associated with the pair
(ϕ, ρ) is a formal distribution Λ = Λ0+ νΛ1+ . . . supported at x0 such
that Λ0 is nonzero and the condition
(4) Λ(vf + (vϕ+ divρv)f) = 0
holds for any vector field v and any function f on M .
In (4) divρv denotes the divergence of the vector field v with respect
to ρ given by the formula
divρv =
Lvρ
ρ
,
where Lv is the Lie derivative with respect to v. Property (4) of a
FOI corresponds to the formal integration by parts of the integral
in (3). Observe that this definition does not use the assumption that
ϕ−1(x0) = 0.
We prove in the Appendix that for every pair (ϕ, ρ) there exists an
associated FOI. It was shown in [12] that two FOIs associated with
the same pair (ϕ, ρ) differ by a formal multiplicative constant c =
c0+νc1+ . . . with c0 6= 0. In particular, for each pair (ϕ, ρ) there exists
a unique FOI Λ associated with it such that Λ(1) = 1.
It is clear that the definition of a FOI depends only on the full jets
of ϕ and ρ at x0. In particular, we can restrict ourselves to the germ
of the pair (ϕ, ρ) at x0. We will call two pairs (ϕ, ρ) and (ϕˆ, ρˆ) on
a neighborhood U of x0 equivalent if there exists a formal function
u ∈ C∞(U)[[ν]] such that
ϕˆ = ϕ+ u and ρˆ = e−uρ
on U . The expression
vϕ+ divρv
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does not change if we replace the pair (ϕ, ρ) with an equivalent pair.
Therefore, if a FOI Λ is associated with a pair (ϕ, ρ), it is also associated
with any equivalent pair. We see that it is natural to write the pair
(ϕ, ρ) in the form of the “formal oscillatory integral kernel”
ν−
n
2 eϕρ
of (3), because it is invariant with respect to the transformation (ϕ, ρ) 7→
(ϕ + u, e−uρ). We will sometimes refer to the pair (ϕ, ρ) itself as to a
formal oscillatory kernel associated with Λ.
It follows from (4) that Λ0 ((vϕ−1) · f) = 0 for any vector field v and
any function f on M . Since x0 is a nondegenerate critical point of ϕ−1
and Λ0 is a nontrivial distribution supported at x0, one can verify that
Λ0 = αδx0 ,
where α is a nonzero complex number and δx0 is the Dirac distribution
at x0, δx0(f) = f(x0).
If there is a pair (ϕ, ρ) and an arbitrary formal volume form ρˆ =
ρˆ0+νρˆ1+. . . on a neighborhood of x0 such that ρˆ0 does not vanish at x0,
then one can find a formal phase ϕˆ (possibly on a smaller neighborhood
of x0) such that the pairs (ϕ, ρ) and (ϕˆ, ρˆ) are equivalent. Therefore, if
we compare the equivalence classes of two pairs, (ϕ, ρ) and (ϕˆ, ρˆ), we
can always assume that ρ = ρˆ.
In the next section we will show that if two pairs (ϕ, ρ) and (ϕˆ, ρ)
are associated with the same FOI at a point x0, then the full jet of
ϕ− ϕˆ at x0 is a formal constant.
3. A pairing on the space of jets of formal functions
Proposition 3.1. Let Λ be a FOI on a manifold M at a point x0.
Then the pairing
(5) f, g 7→ Λ(fg)
on C∞(M)((ν)) induces a nondegenerate pairing on the space of full
jets of formal functions at x0.
Proof. Since Λ is a formal distribution supported at x0, the pairing (5)
depends only on the full jets of f and g at x0.
Let U ⊂ M be a contractible coordinate chart containing x0 with
local coordinates {xi}, i = 1, . . . , n, where n = dimM . There exists a
pair (ψ, dx), where ψ ∈ C∞(U)((ν)) and dx = dx1 ∧ . . . ∧ dxn, which
is associated with Λ. Condition (4) is equivalent to the following one,
(6) Λ
(
∂f
∂xi
+
∂ψ
∂xi
f
)
= 0
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for all i and f ∈ C∞(U)((ν)).
Let Zk, k ≥ 0, be the set of formal functions on U that can be
represented as products of partial derivatives of ψ of positive order
such that the total order of all partial derivatives in the product is k.
Thus,
Z0 = {1},Z1 =
{
∂ψ
∂xi
}
,Z2 =
{
∂ψ
∂xi
∂ψ
∂xj
,
∂2ψ
∂xi∂xj
}
, . . . ,
where the indices are arbitrary. It will be convenient to denote by
Zi1...ik any monomial from Zk with the indices of the partial derivatives
labeled by i1, . . . , ik in any particular order. For example, one can set
Zi1i2i3 :=
∂ψ
∂xi2
∂2ψ
∂xi1∂xi3
∈ Z3.
Given Zi1...ik ∈ Zk, we see that ∂Zi1...ik/∂xik+1 is a sum of monomials
from Zk+1 and
∂ψ
∂xik+1
· Zi1...ik ∈ Zk+1.
Suppose that f is a formal function such that
(7) Λ(fg) = 0
for any formal function g. Fix an arbitrary positive integer r. We will
prove by induction on k, 0 ≤ k ≤ r, that
(8) Λ
(
∂rf
∂xi1 . . . xik
Zik+1...ir
)
= 0
for any indices i1, . . . , ik and any monomial Zik+1...ir ∈ Zr−k. When
k = 0, by setting g = Zi1...ir in (7), we see that Λ(fZi1...ir) = 0.
Assume that (8) holds for k = p − 1. We will prove that it holds for
k = p. We have from (6) that
(9) Λ
((
∂ψ
∂xip
+
∂
∂xip
)(
∂rf
∂xi1 . . . xip−1
Zip+1...ir
))
= 0
for any indices i1, . . . , ir and any Zip+1...ir ∈ Zr−p. It follows from the
induction assumption that
Λ
(
∂rf
∂xi1 . . . xip−1
∂ψ
∂xip
Zip+1...ir
)
= 0
and
Λ
(
∂rf
∂xi1 . . . xip−1
∂
∂xip
Zip+1...ir
)
= 0.
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Now (9) implies that
Λ
(
∂rf
∂xi1 . . . xip
Zip+1...ir
)
= 0,
which proves the claim. Thus, for any indices i1, . . . , ir we have that
(10) Λ
(
∂rf
∂xi1 . . . xir
)
= 0.
Suppose that f = νsfs+ . . . and fs has a nontrivial full jet at x0. Since
Λ0 = αδx0 with α 6= 0, the leading term of (10) is
νsα
∂rfs
∂xi1 . . . xir
(x0) = 0.
Therefore, the full jet of fs at x0 is zero. This contradiction implies
the statement of the Proposition. 
Corollary 3.1. If two pairs (ϕ, ρ) and (ϕˆ, ρ) are associated with the
same FOI Λ at x0 on a manifold M , then the full jet of ϕ− ϕˆ at x0 is
a formal constant.
Proof. We have from (4) that for any formal function f and any vector
field v on M ,
Λ(v(ϕ− ϕˆ) · f) = 0.
Proposition 3.1 implies that the full jet of v(ϕ − ϕˆ) at x0 is zero for
any v. Therefore, the full jets of the phase functions ϕ and ϕˆ at x0
differ by an additive formal constant, whence the Corollary follows. 
Thus, if Λ is a FOI at x0 associated with a pair (ϕ, ρ) and ρ is fixed,
then the full jet of ϕ at x0 is determined uniquely up to an additive
formal constant. In the next section we add another constraint to the
definition of a FOI. It allows to fix the choice of the full jet of ϕ at x0
up to an additive constant from C.
4. Differentiation of a FOI with respect to the formal
parameter
Let U be a coordinate chart on a manifold M of dimension n with
local coordinates {xi}, ϕ = ν−1ϕ−1+ϕ0+. . . be a formal phase function
on U such that ϕ−1 has a nondegenerate critical point x0 ∈ U , and
ρ = eudx1 ∧ . . . ∧ dxn
be a formal volume form on U for some u ∈ C∞(U)[[ν]]. Assume that
Λ = Λ0+νΛ1+ . . . is a FOI at x0 associated with the pair (ϕ, ρ). Then
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Λ0 = αδx0 for some α 6= 0. We have that
divρ
∂
∂xi
=
∂u
∂xi
and (4) is equivalent to the condition
(11) Λ
(
∂f
∂xi
+
∂(ϕ + u)
∂xi
f
)
= 0
for all i = 1, . . . , n and f ∈ C∞(M). Using that Λ0(f) = αf(x0), we
extract the component of (11) at the zeroth degree of ν, arriving at the
equality
(12) Λ1
(
∂ϕ−1
∂xi
f
)
= −α
(
∂f
∂xi
+
∂(ϕ0 + u0)
∂xi
f
)∣∣∣
x=x0
.
We will be looking for Λ1 in the form
Λ1(f) =
(
1
2
Akl
∂2
∂xk∂xl
+Bk
∂
∂xk
+ C
)
f
∣∣∣
x=x0
,
where Akl, Bk, and C are constants and the matrix (Akl) is symmetric.
Denote the Hessian matrix of ϕ−1 at x0 by (hkl),
hkl :=
∂2ϕ−1
∂xk∂xl
∣∣∣
x=x0
,
and denote by (hkl) the inverse matrix. Then, taking into account that
∂ϕ−1
∂xi
(x0) = 0 for all i, we get from (12) that(
Aklhki
∂f
∂xl
+Bkhkif
) ∣∣∣
x=x0
= −α
(
∂f
∂xi
+
∂(ϕ0 + u0)
∂xi
f
) ∣∣∣
x=x0
.
Thus,
Akl = −αhkl, Bk = −αhki∂(ϕ0 + u0)
∂xi
,
and the constant C can be arbitrary. We have proved the following
lemma.
Lemma 4.1. The component Λ1 of the formal oscillatory integral Λ is
given by the formula
Λ1(f) = −α
(
1
2
hkl
∂2
∂xk∂xl
+ hki
∂(ϕ0 + u0)
∂xi
∂
∂xk
+K
)
f
∣∣∣
x=x0
,
where K is some constant.
Now we will additionally assume that the phase function ϕ−1 has
zero critical value at x0, ϕ−1(x0) = 0.
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Proposition 4.1. Let Λ be a FOI at x0 associated with the pair (ϕ, ρ).
Then the functional
(13) Λ˜(f) = −2ν
n
(
d
dν
Λ(f)− Λ
(
df
dν
+
d(ϕ+ u)
dν
f
))
is another FOI associated with the pair (ϕ, ρ). Moreover, Λ˜0 = Λ0.
Proof. We assume that Λ0 = αδx0 , where α is a nonzero constant. First
we check that Λ˜ is ν-linear. We have
Λ˜(νf) = −2ν
n
(
d
dν
Λ(νf)− Λ
((
d
dν
+
d(ϕ+ u)
dν
)
(νf)
))
=
−2ν
n
(
Λ(f) + ν
d
dν
Λ(f)− Λ(f)− νΛ
(
df
dν
+
d(ϕ+ u)
dν
f
))
= νΛ˜(f).
Hence, Λ˜ is a formal distribution supported at x0. Then we calculate
the leading term of Λ˜(f) using Lemma 4.1 and the assumption that
ϕ−1(x0) = 0, assuming that f does not depend on ν. The ν-filtration
degree of Λ˜(f) is at least −1. The ν-filtration degree of each of the
terms
−2ν
n
(
d
dν
Λ(f)
)
and
2ν
n
Λ
(
du
dν
f
)
is at least one. The component of Λ˜(f) of ν-degree −1 is
2ν
n
Λ0
(
− 1
ν2
ϕ−1f
)
= 0,
because Λ0(ϕ−1f) = αϕ−1(x0)f(x0) = 0. The component of Λ˜(f) of
ν-degree zero is
2ν2
n
Λ1
(
− 1
ν2
ϕ−1f
)
= −2
n
Λ1 (ϕ−1f) =
2α
n
(
1
2
hkl
∂2
∂xk∂xl
+ hki
∂(ϕ0 + u)
∂xi
∂
∂xk
+K
)
(ϕ−1f)
∣∣∣
x=x0
=
α
n
hklhklf(x0) = αf(x0),
because ϕ−1 has zero of order two at x0. We see that the leading term
of Λ˜ is Λ˜0 = Λ0 = αδx0.
It remains to show that Λ˜ satisfies (11). The operators
∂
∂xi
+
∂(ϕ + u)
∂xi
and
d
dν
+
d(ϕ+ u)
dν
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commute. We obtain from (13) and (11) that
Λ˜
((
∂
∂xi
+
∂(ϕ + u)
∂xi
)
f
)
=
−Λ
((
d
dν
+
d(ϕ+ u)
dν
)(
∂
∂xi
+
∂(ϕ + u)
∂xi
)
f
)
=
−Λ
((
∂
∂xi
+
∂(ϕ + u)
∂xi
)(
d
dν
+
d(ϕ+ u)
dν
)
f
)
= 0.
We have verified all the claims of the Proposition. 
It is important to notice that equation (13) does not depend on the
choice of local coordinates. If we change the coordinates, the function
u will be modified by adding the logarithm of the Jacobian of the
coordinate change (which does not depend on ν), which will not change
the derivative du/dν in (13).
Let Λ and Λ˜ be as in Proposition 4.1. We see that there is a formal
constant a(ν) = 1 + νa1 + . . . such that Λ˜ = a(ν)Λ. We get from
formula (13) that
(14)
d
dν
Λ(f)− Λ
(
df
dν
+
(
d(ϕ+ u)
dν
− n
2ν
a(ν)
)
f
)
= 0.
It follows from (14) that there exists a unique formal constant b(ν) =
νb1 + . . . such that the following equation holds,
(15)
d
dν
Λ(f)− Λ
(
df
dν
+
(
d(ϕ+ b(ν) + u)
dν
− n
2ν
)
f
)
= 0.
The FOI Λ is associated with the pair (ϕ + b(ν), ρ) as well. It follows
from (15) that if we replace ϕ in (14) with ϕ+ b(ν), then a(ν) will be
replaced with the unit constant and we will have that Λ˜ = Λ.
We will say that a pair (ϕ, ρ) associated with a FOI Λ is strongly as-
sociated with it if Λ˜ = Λ in Proposition 4.1 or, equivalently, if equation
(14) holds with a = 1.
Assume that this is the case. There exists a unique FOI Λˆ associated
with the pair (ϕ, ρ) such that Λˆ(1) = 1. Then Λ = Λ˜ = c(ν)Λˆ for some
formal constant c(ν) = c0 + νc1 + . . . with c0 6= 0. Setting Λ = c(ν)Λˆ
and a = 1 in (14), we get that
c′(ν)
c(ν)
Λˆ(f) = − d
dν
Λˆ(f) + Λˆ
(
df
dν
+
(
d(ϕ+ u)
dν
− n
2ν
)
f
)
.
Setting f = 1, we obtain that
c′(ν)
c(ν)
= Λˆ
(
d(ϕ+ u)
dν
)
− n
2ν
.
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Thus, c(ν) and therefore the FOI Λ itself are determined up to a
nonzero multiplicative constant from C. On the other hand, if Λ satis-
fies (15), then βΛ satisfies (15) for any nonzero β ∈ C.
If Λ is also strongly associated with another pair (ϕˆ, ρ), it follows
from equation (14) with a = 1 that
Λ
(
d(ϕ− ϕˆ)
dν
f
)
= 0
for all f . We see from Proposition 3.1 that the full jet of
d(ϕ− ϕˆ)
dν
at x0 is zero. Using Corollary 3.1, we obtain that the full jet of ϕ− ϕˆ
at x0 is a constant from C. We have proved the following theorem.
Theorem 4.1. Given a formal phase function ϕ = ν−1ϕ−1 + ϕ0 + . . .
on a manifold M such that ϕ−1 has a nondegenerate critical point x0
with zero critical value and a formal volume form ρ = ρ0 + νρ1 +
. . . such that ρ0 does not vanish at x0, there exists a FOI Λ at x0
strongly associated with the pair (ϕ, ρ). It is determined up to a nonzero
multiplicative constant from C. In particular, there is a unique FOI Λ
strongly associated with that pair with the leading term Λ0 = δx0. If Λ
is also strongly associated with another pair (ϕˆ, ρ), then the full jet of
ϕ− ϕˆ at x0 is a constant from C.
5. The leading term of the formal asymptotic expansion
Let ψ be a real phase function and ρ be a volume form on an oriented
manifold M of dimension n. Suppose that ψ has one nondegenerate
critical point x0 in a neighborhood U of x0 with zero critical value,
ψ(x0) = 0, and ρ does not vanish at x0. If an amplitude f ∈ C∞(M)
is supported on U , then the oscillatory integral
(16) h−
n
2
∫
M
e
i
h
ψf dρ,
where h is a positive numerical parameter, has an asymptotic expansion
as h → 0 according to the method of stationary phase. The leading
term of this expansion depends only on the Hessian of ψ at x0, the
value f(x0), and the volume form ρ(x0). These data are defined on the
tangent space Tx0M and the leading term of the expansion is given by
a model oscillatory integral on Tx0M with a quadratic phase function,
one half of the Hessian quadratic form of ψ at x0. Let {xi} be local
coordinates on U such that xi(x0) = 0 and {yi} be the corresponding
coordinates on Tx0M . Suppose that g(y) is a compactly supported
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function on Tx0M such that g(0) = f(x0) and ρ = w(x)dx
1 ∧ . . .∧ dxn.
Then the integral (16) and the model integral
h−
n
2
∫
e
i
2h
∂2ψ
∂xj∂xk
(x0)yjykg(y)w(x0)dy
1 ∧ . . . ∧ dyn
on Tx0M both have asymptotic expansions as h → 0 with the same
leading term. The integral (16) was formalized in [14].
We will interpret the formal integral (3) as a specific FOI at x0
strongly associated with the pair (ϕ, ρ). Denote by Λ the unique FOI
at x0 with the leading term Λ0 = δx0 strongly associated with that pair.
It remains to choose a nonzero constant α ∈ C such that J = αΛ. This
choice should be dictated by the leading term of the stationary phase
approximation.
Since our main applications come from Berezin’s quantization for-
malism, we will consider complex phase functions and use a model
Gaussian integral on the tangent space at the critical point. In gen-
eral, we will determine the formal integral (3) only up to a sign. We
will fix that sign in the case when the Hessian of the phase function is
of the Hermitian type.
First we want to give coordinate-free interpretations of the Hessian
of a function and of a Gaussian integral.
Given a complex-valued function f on a manifold M with a critical
point x0, the Hessian of f at x0 is a complex symmetric bilinear form on
the tangent space Tx0M . Denote it by Hessx0(f). It has the following
coordinate free definition. If v, w are vector fields onM , then (vwf)(x0)
depends only on the values of v and w at x0 and Hessx0(f) is determined
by the condition that
Hessx0(f)(v(x0), w(x0)) = (vwϕ−1)(x0) = (wvϕ−1)(x0).
Let (Aij) be a positive definite n×nmatrix with constant coefficients.
The following formula for the Gaussian integral on Rn is well known:∫
e−
1
2
Aijx
ixjdx1 . . . dxn =
√
(2π)n
detA
.
Below we give a coordinate-free interpretation of this formula.
Let V be a real oriented n-dimensional vector space, Q be a positive
definite quadratic form, and τ be a translation invariant “Lebesgue”
volume form on V . The Hessian of Q is a positive definite symmetric
bilinear form on V , Hess(Q) : V ⊗ V → R, such that Hess(Q)(v, v) =
2Q(v). Its top exterior power
∧nHess(Q) : ∧nV ⊗ ∧nV → R
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is also a positive definite bilinear form. Let q : ∧nV → R be the asso-
ciated positive definite quadratic form. There exists a unique oriented
volume form
√
q : ∧nV → R whose square is q. This is the Riemann-
ian volume form corresponding to the metric given by the Hessian.
Then for any positive h the following Gaussian integral is absolutely
convergent and its value does not depend on h,
(17) h−
n
2
∫
V
e−
1
h
Qτ = (2π)
n
2
τ√
q
.
If we replace h in (17) with the formal parameter ν, we will get a formal
integral to which we can assign the same value. If Q is a complex-
valued nondegenerate quadratic form, there are two complex volume
forms ±√q and in general there is no way to single out a “preferred”
branch of the square root. Thus, we will assign a numerical value to
the following formal Gaussian integral only up to a sign:
(18) ν−
n
2
∫
{0}
e−
1
ν
Qτ = ±(2π)n2 τ√
q
.
We will use this assignment to interpret the formal integral (3).
The leading term of the integral (3) can be obtained from a model
Gaussian integral on the tangent space Tx0M . It depends only on the
value γ := ϕ0(x0), the volume form τ := ρ0(x0), and the Hessian of
ϕ−1 at x0. The nondegenerate bilinear form
B(v, w) := −1
2
Hessx0(ϕ−1)(v, w)
induces the quadratic form Q(v) := B(v, v). Let q : ∧nTx0M → R
be the quadratic form associated with the bilinear form ∧nB. The
constant α such that J = αΛ should be given by the following properly
interpreted model formal integral over Tx0M ,
(19) ν−
n
2
∫
{0}
e−ν
−1Q+γτ.
To this end we use (18) and interpret (3) as follows,
ν−
n
2
∫
{0}
eϕf ρ = ±(2π)n2 eγ τ√
q
Λ(f).
Now let gkl be a positive definite m × m Hermitian matrix with
constant coefficients and h be a positive numerical parameter. The
following formula for the Gaussian integral of the Hermitian type on
Cm is well known:
(20)
∫
e−
1
h
gklz
kz¯l 1
m!
(
igkldz
k ∧ dz¯l
2πh
)m
= 1.
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If we replace h in (20) with the formal parameter ν, we will arrive at
the following formal assignment,
(21) ν−m
∫
{0}
e−
1
ν
gklz
k z¯l 1
m!
(
igkldz
k ∧ dz¯l
2π
)m
= 1,
where we can drop the assumption that the matrix (gkl) is positive
definite. We will assume only that (gkl) is nondegenerate.
In order to describe (20) and (21) in a coordinate-free fashion, we
consider a constant pseudo-Ka¨hler form Ω := igkldz
k ∧ dz¯l. It has a
unique potential K(z, z¯) := gklz
kz¯l for which x0 = 0 is a nondegenerate
critical point. Then (21) will be written as
(22) ν−m
∫
{0}
e−
1
ν
K 1
m!
(
Ω
2π
)m
= 1.
Let M be a complex manifold of complex dimension m and ϕ−1 be a
complex-valued phase function with a critical point x0 on M .
We say that the Hessian bilinear form Hessx0(ϕ−1) on Tx0M is of
the Hermitian type if it is of type (1,1) with respect to the complex
structure. In coordinates it means that
∂2ϕ−1
∂zk∂zp
(x0) = 0 and
∂2ϕ−1
∂z¯l∂z¯q
(x0) = 0
for all k, l, p, q. We call the m×m matrix with the entries
∂2ϕ−1
∂zk∂z¯l
(x0)
the Hermitian Hessian of ϕ−1 at x0. Let the critical point x0 of ϕ−1 be
nondegenerate. Then the bilinear formHessx0(ϕ−1) and the Hermitian
Hessian of ϕ−1 at x0 are nondegenerate.
In order to interpret the formal intergal (3) in the case when the
Hessian of ϕ−1 at x0 is of the Hermitian type, we will use a formal
Gaussian model integral of the Hermitian type on Tx0M . Let U be a
coordinate chart around x0 with coordinates {zp, z¯q} and {ζp, ζ¯q} be
the corresponding coordinates on Tx0M . Then
K(ζ, ζ¯) := − ∂
2ϕ−1
∂zp∂z¯q
(x0)ζ
pζ¯q
is a potential of the constant pseudo-Ka¨hler form
Ω := −i(∂∂¯ϕ−1)(x0)
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on Tx0M . Let γ = ϕ0(x0) and τ = ρ0(x0) be as above and set λ :=
m!(2π)m(τ/Ωm). Then the model integral on Tx0M will be as follows,
α = ν−m
∫
{0}
e−ν
−1K+γτ = ν−m
∫
{0}
e−ν
−1K+γλ
1
m!
(
Ω
2π
)m
= eγλ,
where we have used (22). Finally, we interpret (3) as
ν−m
∫
{x0}
eϕf ρ =
eϕ0(x0)ρ0(x0)
1
m!
(
Ω
2π
)m Λ(f),
where Λ is the unique FOI strongly associated with the pair (ϕ, ρ) and
such that its leading term is Λ0 = δx0.
6. Deformation quantization
In this section we provide general facts on deformation quantization.
If M is a Poisson manifold with Poisson bracket {·, ·}, deformation
quantization on M is given by a star product, which is an associative
C((ν))-linear product ⋆ on the space C∞(M)((ν)) expressed by a formal
bidifferential operator
(23) f ⋆ g = fg +
∞∑
r=1
νrCr(f, g)
such that
C1(f, g)− C1(g, f) = i{f, g}.
It is assumed that the unit constant is the unity of the star product,
f ⋆ 1 = 1 ⋆ f = f
for all f . Since star products are given by formal bidifferential opera-
tors, they can be restricted to any open subset U ⊂M . We denote by
L⋆f and R
⋆
f the operators of the left and right star multiplication by f ,
respectively, so that
L⋆fg = f ⋆ g = R
⋆
gf
for any functions f, g. We usually drop the superscript ⋆ unless it
leads to confusion. The associativity of the star product implies that
[Lf , Rg] = 0 for any f, g.
Two star products ⋆ and ⋆′ on (M, {·, ·}) are equivalent if there exists
a formal differential operator T = 1 + νT1 + . . . on M such that
f ⋆′ g = T−1(Tf ⋆ Tg).
Deformation quantization was introduced in [1]. Kontsevich proved
in [13] that star products exist on an arbitrary Poisson manifold M
and their equivalence classes are parametrized by the formal deforma-
tions of the Poisson structure modulo the action of the group of formal
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paths in the diffeomorphism group of M , starting at the identity dif-
feomorphism. In the case when M is an arbitrary symplectic manifold,
Fedosov gave in [6] a geometric construction of star products in each
equivalence class.
Let ⋆ be a star product on a symplectic manifold M with symplectic
form ω−1 and of dimension n = 2m. There exists a formal density µ
globally defined on M such that∫
f ⋆ g dµ =
∫
g ⋆ f dµ
for any functions f, g on M such that f or g has a compact support. It
is called a trace density of the star product. All trace densities of the
product ⋆ on a connected manifold M form a one dimensional vector
space over the field C((ν)). Since a symplectic manifold is canonically
oriented by the Liouville volume form ωm−1/m!, the density µ is given
by a formal volume form.
A trace density can be canonically normalized. Let U ⊂ M be a
contractible neighborhood. There exists a C-linear derivation of the
star product ⋆ on U of the form
δ⋆ =
d
dν
+ A,
where A is a formal (C((ν))-linear) differential operator on U . It is
unique up to an inner C((ν))-linear derivation ad⋆(f) = [f, ·]⋆, where
[·, ·]⋆ is the star commutator and f ∈ C∞(U)((ν)). We call it a local ν-
derivation of the star product (see [7], where it is called a local ν-Euler
derivation).
A trace density µ is canonically normalized if the following two con-
ditions are satisfied, as shown in [10].
(1) For every contractible neighborhood U ⊂M and a ν-derivation
δ⋆ on U , the identity
d
dν
∫
f dµ =
∫
δ⋆(f) dµ
holds for every formal function f with compact support on U .
(2) The leading term of the formal density µ is
1
m!
(ω−1
2πν
)m
.
Condition (1) normalizes µ up to a multiplicative constant from C,
which is fixed by condition (2).
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It is interesting to notice that this normalization closely resembles
the normalization of a formal oscillatory integral considered in this
paper.
7. Deformation quantization with separation of variables
On Ka¨hler manifolds Berezin defined in [2] and [3] a quantization
procedure which leads to star products with the separation of variables
property (see [5] and [12]). The Berezin’s construction involves explicit
integral formulas which have asymptotic expansions as a certain small
positive parameter h tends to zero. In our paper we will show that in
the framework of deformation quantization with separation of variables
one can produce a family of formal oscillatory integrals whose formal
oscillatory kernels can be identified. Two such FOIs were already de-
scribed in [12].
Let M be a pseudo-Ka¨hler manifold of complex dimension m with a
pseudo-Ka¨hler form ω−1. A star product ⋆ on M has the property of
separation of variables of the anti-Wick type if for every open subset
U ⊂M ,
(24) a ⋆ f = af and f ⋆ b = bf
for every function f , every holomorphic function a, and every anti-
holomorphic function b on U . A star product ⋆ has the property of
separation of variables of the Wick type if
b ⋆ f = bf and f ⋆ a = af,
where f, a, and b are as above.
It was proved in [4] and [8] that star products with separation of
variables exist on an arbitrary pseudo-Ka¨hler manifold. Let ⋆ be a star
product of the anti-Wick type on (M,ω−1). If a is a local holomorphic
function and b is a local antiholomorphic function, then the anti-Wick
property (24) means that
L⋆a = a and R
⋆
b = b
are pointwise multiplication operators.
It was shown in [8] that the star products of the anti-Wick type on
(M,ω−1) can be bijectively parameterized (not only up to equivalence)
by the formal closed (1, 1)-forms
ω = ν−1ω−1 + ω0 + . . . .
The star product of the anti-Wick type ⋆ parametrized by a classifying
form ω can be described as follows. Let U ⊂ M be a contractible
18 ALEXANDER KARABEGOV
coordinate chart with holomorphic coordinates {zk, z¯l}. There exists a
formal potential
Φ = ν−1Φ−1 + Φ0 + . . .
of ω on U , so that ω = i∂∂¯Φ. Then the following property holds,
L ∂Φ
∂zk
=
∂
∂zk
+
∂Φ
∂zk
and R ∂Φ
∂z¯l
=
∂
∂z¯l
+
∂Φ
∂z¯l
.
For any formal function f on U there exists a unique formal differential
operator A on U such that it commutes with the operators
Rz¯l = z¯
l and R ∂Φ
∂z¯l
=
∂
∂z¯l
+
∂Φ
∂z¯l
for all l and satisfies the condition that A1 = f . This operator is the
left star multiplication operator by f , A = Lf . Now, f ⋆ g = Ag.
Therefore, the star product ⋆ can be recovered from the classifying
form ω on every contractible chart U .
There exists a formal differential operator I = 1+ νI1 + . . . globally
defined on M such that
I(ab) = b ⋆ a
for every locally defined holomorphic function a and antiholomorphic
function b. In particular, Ia = a, Ib = b, and I1 = 1. It is called
the formal Berezin transform of the star product ⋆. A star product of
the anti-Wick type can be recovered from its formal Berezin transform.
The equivalent star product
f ⋆′ g = I−1(If ⋆ Ig)
is a star product of the Wick type on (M,ω−1). The opposite product
⋆˜ = (⋆′)opp
is a star product of the anti-Wick type on (M,−ω−1). It is called the
dual star product of ⋆. Its formal Berezin transform is I−1. Denote by
ω˜ its classifying form. Let U ⊂ M be a contractible coordinate chart.
Let Φ = ν−1Φ−1 +Φ0 + νΦ1 + . . . be a potential of ω on U . As shown
in [10], there exists a potential
(25) Ψ = −ν−1Φ−1 +Ψ0 + νΨ1 + . . .
of the dual form ω˜ on U such that
∂Ψ
∂zk
= −I−1
(
∂Φ
∂zk
)
and
∂Ψ
∂z¯l
= −I−1
(
∂Φ
∂z¯l
)
.(26)
Then
(27) ν−meΦ+Ψdz1 ∧ . . . ∧ dzm ∧ dz¯1 ∧ . . . ∧ dz¯m
FORMAL OSCILLATORY INTEGRALS 19
is a (not normalized) trace density of the product ⋆ on U . It can be
normalized up to a multiplicative constant from C as follows, as shown
in [10] (see also [11]). There exists a potential Ψ of the dual form ω˜
that satisfies (25), (26), and the equation
(28)
dΦ
dν
+ I
(
dΨ
dν
)
=
m
ν
.
The potential Ψ is determined by (26) and (28) up to an additive
constant from C. With this choice of Φ and Ψ the density (27) differs
from the canonical trace density by a multiplicative constant from C.
Remark. The classifying form of the star product of the Wick type ⋆′
is −ω˜. If µ is the canonical trace density of the star product ⋆, then it
is also the canonical trace density of ⋆′. The canonical trace density of
the dual star product ⋆˜ is (−1)mµ.
8. Formal oscillatory integrals K(l)
Let ⋆ be a star product of the anti-Wick type with classifying form
ω = ν−1ω−1 + ω0 + . . . on a pseudo-Ka¨hler manifold M of complex
dimension m. Let x0 be a fixed point inM . For any l ∈ N we introduce
a formal distribution
(29) K(l)(f1, . . . , fl) := (If1 ⋆ . . . ⋆ Ifl) (x0) = I(f1 ⋆
′ . . . ⋆′ fl)(x0)
on M l supported at the point x0
(l) := (x0, . . . , x0) ∈M l. Observe that
K(l)(1, . . . , 1) = 1. In [12] it was proved that K(1) and K(2) are FOIs
associated with certain formal oscillatory kernels. We will show that,
for every l, K(l) is a FOI at x0
(l) and give its formal oscillatory kernel.
As explained in [12], in order to express the formal phase of the
FOI K(l), it is convenient to use almost analytic extensions of smooth
functions on a complex manifold.
If U is an open subset of a complex manifold M and Z is a relatively
closed submanifold of U , a function f ∈ C∞(U) is called almost analytic
along Z if ∂¯f vanishes to infinite order at the points of Z. Given
a function g ∈ C∞(Z), a function f on U almost analytic along Z
and such that f |Z = g is called an almost analytic extension of g.
Given a function f(x) ∈ C∞(U), there exists a function f˜(x, y) on the
complex manifold U ×U almost analytic along the diagonal and such
that f˜(x, x) = f(x). It is also called an almost analytic extension of f .
The full jet of f˜ at any point of the diagonal of U ×U is completely
determined by the function f . If f(z, z¯) is a real analytic function on U ,
then its analytic extension f(z, w¯) on a neighborhood of the diagonal
of U ×U is an almost analytic extension of f .
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Denote by µ the canonically normalized formal trace density of the
star product ⋆. Let U ⊂M be a contractible neighborhood of the point
x0 and Φ = ν
−1Φ−1 + Φ0 + . . . be a potential of ω on U . Consider an
almost analytic extension Φ˜ = ν−1Φ˜−1+ Φ˜0+ . . . of the potential Φ on
U ×U. For any l ∈ N we define a function F (l) = ν−1F (l)−1 + F (l)0 + . . .
on U l,
F (l)(x1, . . . , xl) := Φ˜(x0, x1) + Φ˜(x1, x2) + . . .+ Φ˜(xl, x0)
−(Φ(x0) + Φ(x1) + . . .+ Φ(xl)).
Its full jet at the point x0
(l) ∈ U l does not depend on the choice of
the potential Φ and on the choice of its almost analytic extension. We
will prove that K(l) is the FOI at x0
(l) that admits the following formal
oscillatory integral representation,
(30) K(l)(f1, . . . , fl) =
∫
(x0(l))
eF
(l)
f1 ⊗ . . .⊗ fl µ⊗l.
Proposition 8.1. The point x0
(l) ∈ M l is a nondegenerate critical
point of the Hermitian type of the function F
(l)
−1 with zero critical value.
Proof. Let U ⊂ M be a contractible coordinate neighborhood of the
point x0 with holomorphic coordinates {zp, z¯q}, Φ be a potential of ω on
U , and Φ˜ be its almost analytic extension on U×U. Since Φ˜−1(x0, x0) =
Φ−1(x0), it follows that F
(l)
−1(x0
(l)) = 0. Set
(31) gpq =
∂2Φ−1
∂zp∂z¯q
(x0).
Denote by {zpi , z¯qi } the corresponding coordinates on the ith copy of U
in U l. Then
∂
∂zpi
Φ−1(xa)
∣∣∣
xa=x0
=
{
∂Φ−1
∂zp
(x0) if i = a;
0 otherwise.
Also,
∂
∂zpi
Φ˜−1(xa, xb)
∣∣∣
xa=xb=x0
=
{
∂Φ−1
∂zp
(x0) if i = a;
0 otherwise.
One can prove similar formulas for the antiholomorphic derivatives of
Φ−1 and Φ˜−1. It follows from these formulas that
∂F
(l)
−1
∂zpi
(
x0
(l)
)
= 0 and
∂F
(l)
−1
∂z¯qi
(
x0
(l)
)
= 0
FORMAL OSCILLATORY INTEGRALS 21
for all i, p, q. Therefore, x0
(l) is a critical point of F
(l)
−1. We have
∂2
∂zpi ∂z
s
j
Φ−1(xa)
∣∣∣
xa=x0
=
{
∂2Φ−1
∂zp∂zs
(x0) if i = j = a;
0 otherwise.
Similarly,
∂2
∂zpi ∂z
s
j
Φ˜−1(xa, xb)
∣∣∣
xa=xb=x0
=
{
∂2Φ−1
∂zp∂zs
(x0) if i = j = a;
0 otherwise.
We have similar formulas for the antiholomorphic second order partial
derivatives of Φ−1 and Φ˜−1. These formulas imply that
∂2F
(l)
−1
∂zpi ∂z
s
j
(
x0
(l)
)
=
∂2F
(l)
−1
∂z¯qi ∂z¯
t
j
(
x0
(l)
)
= 0
for all i, j, p, q, s, t. Therefore, the Hessian of F
(l)
−1 at x0
(l) is of the
Hermitian type. We have
∂2
∂zpi ∂z¯
q
j
Φ−1(xa)
∣∣∣
xa=x0
=
{
gpq if i = j = a;
0 otherwise.
Similarly,
∂2
∂zpi ∂z¯
q
j
Φ˜−1(xa, xb)
∣∣∣
xa=xb=x0
=
{
gpq if if i = a and j = b;
0 otherwise.
It follows from these formulas that the Hermitian Hessian of F
(l)
−1 at
x0
(l) has the entries
(32)
∂2F
(l)
−1
∂zpi ∂z¯
q
j
(
x0
(l)
)
=


−gpq if 1 ≤ i = j ≤ l;
gpq if 1 ≤ i = j − 1 ≤ l − 1;
0 otherwise.
Therefore it is block-triangular with the diagonal blocks (−gpq), whence
one can see that the Hessian of F
(l)
−1 at x0
(l) is nondegenerate. 
In [12] it was proved that K(1) is a FOI at x0 associated with the
pair (F (1), µ). One can show along the same lines that K(l) is a FOI at
x0
(l) associated with the pair
(33)
(
F (l), µ⊗l
)
for all l. Below we will prove that K(l) is strongly associated with the
pair (33).
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Given a potential Φ of the classifying form ω on a neighborhood
U ⊂M , it was shown in [9] that
δl⋆ =
d
dν
+
dΦ
dν
− L⋆dΦ
dν
and δr⋆ =
d
dν
+
dΦ
dν
−R⋆dΦ
dν
are local ν-derivations of the star product ⋆.
Lemma 8.1. Given a potential Φ of the form ω on a contractible co-
ordinate chart U ⊂ M and a potential Ψ of the dual form ω˜ satis-
fying (25), (26), and (28), the following identity holds for all f ∈
C∞(U)((ν)),
(34) δr⋆I(f) = I
(
δl⋆′f
)
,
where
δl⋆′ =
d
dν
+
dΨ
dν
− L⋆′dΨ
dν
is a local ν-derivation of the star product ⋆′.
Proof. Suppose that a formal function f ∈ C∞(U)((ν)) is factorized as
f = ab, where a is formal holomorphic and b is formal antiholomorphic
on U . Then
δr⋆I(f) = δ
r
⋆(b ⋆ a) = δ
r
⋆(b) ⋆ a+ b ⋆ δ
r
⋆(a) =(
db
dν
+
dΦ
dν
b−R dΦ
dν
b
)
⋆ a+ b ⋆
(
da
dν
+
dΦ
dν
a−R dΦ
dν
a
)
=(
db
dν
+
dΦ
dν
⋆ b− b ⋆ dΦ
dν
)
⋆ a + b ⋆
(
da
dν
+ a ⋆
dΦ
dν
− a ⋆ dΦ
dν
)
=
I
(
db
dν
a + I−1
(
dΦ
dν
)
⋆′ b ⋆′ a− b ⋆′ I−1
(
dΦ
dν
)
⋆′ a + b
da
dν
)
=
I
(
df
dν
+ I−1
(
dΦ
dν
)
⋆′ f − I−1
(
dΦ
dν
)
f
)
=
I
(
df
dν
+
(
m
ν
− dΨ
dν
)
⋆′ f −
(
m
ν
− dΨ
dν
)
f
)
= I
(
δl⋆′f
)
.
The identity (34) holds for any f ∈ C∞(U)((ν)) because I is a formal
differential operator. 
Given a function F on M l, sometimes we will express K(l)(F ) as
K(l)(F (x1, . . . , xl)).
Lemma 8.2. Let g˜(x, y) be an almost analytic extension of a function
g(x) on M . Then
K(l)(g˜(xi, xi+1)f1(x1) . . . fl(xl)) =
K(l)(f1, . . . , fi, I
−1(g) ⋆′ fi+1, fi+2, . . . , fl)
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for 0 ≤ i ≤ l − 1 and
K(l)(g˜(xl, x0)f1(x1) . . . fl(xl)) = K
(l)(f1, . . . , fl−1, fl ⋆
′ I−1(g)).
Proof. Suppose that U is a coordinate chart containing x0. Let g = ab
on U , where a is holomorphic and b antiholomorphic. Then g˜(x, y) :=
a(x)b(y) is the holomorphic extension of g. For i = 0,
K(l)(g˜(x0, x1)f1(x1) . . . fl(xl)) = K
(l)(a(x0)b(x1)f1(x1) . . . fl(xl)) =
a(x0)(I(b ⋆
′ f1 ⋆
′ . . . ⋆′ fl))(x0) = (a ⋆ I(b ⋆
′ f1 ⋆
′ . . . ⋆′ fl))(x0) =
I(a ⋆′ b ⋆′ f1 ⋆
′ . . . ⋆′ fl))(x0) = I
(
(I−1(ab) ⋆′ f1) ⋆
′ f2 ⋆
′ . . . ⋆′ fl
)
(x0) =
I
(
(I−1(g) ⋆′ f1) ⋆
′ f2 ⋆
′ . . . ⋆′ fl
)
(x0) = K
(l)
(
I−1(g) ⋆′ f1, f2, . . . , fl
)
.
For 1 ≤ i ≤ l − 1,
K(l)(g˜(xi, xi+1)f1(x1) . . . fl(xl)) =
K(l)(f1(x1) . . . (fi(xi)a(xi))(b(xi+1)fi+1(xi+1)) . . . fl(xl)) =
I(f1 ⋆
′ . . . ⋆′ fi ⋆
′ (a ⋆′ b ⋆′ fi+1) ⋆
′ . . . ⋆′ fl)(x0) =
I
(
f1 ⋆
′ . . . ⋆′ fi ⋆
′ (I−1(ab) ⋆′ fi+1) ⋆
′ . . . ⋆′ fl
)
(x0) =
I
(
f1 ⋆
′ . . . ⋆′ fi ⋆
′ (I−1(g) ⋆′ fi+1) ⋆
′ . . . ⋆′ fl
)
(x0) =
K(l)(f1, . . . , fi, I
−1(g) ⋆′ fi+1, . . . , fl).
We have shown that the first equality of the lemma holds when g = ab.
For any integer N ≥ 0, the first equality modulo νN depends on the
jet of g of finite order K at x0. We can approximate g by a finite sum∑
k akbk, where ak are holomorphic and bk are antiholomorphic so that
g and
∑
k akbk will have the same jet of order K at x0. It follows that
the first equality holds modulo νN for any N and therefore is true. The
proof of the second equality of the lemma is similar to the proof of the
first one when i = 0. 
Proposition 8.2. The FOI K(l) at x0
(l) is strongly associated with the
pair (33).
Proof. Let U ⊂ M be a contractible coordinate chart and Φ be a
potential of the classifying form ω on U . Set
u(l) := Φ(x1) + Ψ(x1) + . . .+ Φ(xl) + Ψ(xl),
where Φ and Ψ satisfy (25), (26), and (28). Then
µ⊗l = ν−mleu
(l)
dx(l)
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for a properly normalized Lebesgue volume form dx(l) on U l. We need
to check that, according to formula (14) with a = 1,
(35)
d
dν
K(l)(F ) = K(l)
((
d
dν
+
d(F (l) + u(l))
dν
− ml
ν
)
F
)
.
Using Lemma 8.2, we get that the right-hand side of (35) equals
K(l)
((
d
dν
− dΦ(x0)
dν
+
l∑
i=1
dΨ(xi)
dν
− ml
ν
)
F
)
+
K(l)
((
l−1∑
i=0
dΦ˜(xi, xi+1)
dν
+
dΦ˜(xl, x0)
dν
)
F
)
=
K(l)
((
d
dν
− dΦ(x0)
dν
+
l∑
i=1
dΨ(xi)
dν
− ml
ν
)
F
)
+
l−1∑
i=0
K(l)
(
f1, . . . , I
−1
(
dΦ
dν
)
⋆′ fi+1, . . . , fl
)
+
K(l)
(
f1, . . . , fl ⋆
′ I−1
(
dΦ
dν
))
.
It follows from Lemma 8.1 that
(36) δr⋆I(f1 ⋆
′ . . . ⋆′ fl) =
l∑
i=1
I
(
f1 ⋆
′ . . . ⋆′ δl⋆′fi ⋆
′ . . . ⋆′ fl
)
.
Using (28), we obtain that
R⋆dΦ
dν
I(f1 ⋆
′ . . . ⋆′ fl) = I
(
f1 ⋆
′ . . . ⋆′ fl ⋆
′ I−1
(
dΦ
dν
))
=
m
ν
I(f1 ⋆
′ . . . ⋆′ fl)− I
(
f1 ⋆
′ . . . ⋆′ fl ⋆
′ dΨ
dν
)
.(37)
We use the explicit formulas for δr⋆ and δ
l
⋆′ in (36), take into account
(37), evaluate (36) at x0, and set F = f1 ⊗ . . . ⊗ fl, arriving at the
equality(
d
dν
+
dΦ
dν
− m
ν
)
K(l)(F ) +K(l)
(
f1, . . . , fl ⋆
′ dΨ
dν
)
=
K(l)
((
d
dν
+
l∑
i=1
dΨ(xi)
dν
)
F
)
−(38)
l∑
i=1
K(l)
(
f1, . . . ,
dΨ
dν
⋆′ fi, . . . , fl
)
.
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Now formula (35) follows from (38) and (28). 
Finally, we can completely justify formula (30).
Theorem 8.1. Let µ be the canonically normalized trace density of
the star product of the anti-Wick type ⋆ with classifying form ω on a
pseudo-Ka¨hler manifold M of complex dimension m and x0 be a point
in M . Then the full jet of the formal integral kernel of the FOI K(l) at
the point x0
(l) ∈M l is given by the formula
(39) eF
(l)
µ⊗l.
Proof. Proposition 8.2 implies that (39) is the formal oscillatory kernel
of the FOI K(l) at x0
(l) ∈ M l up to a nonzero multiplicative constant
α ∈ C. Thus the leading term of the formal integral in (30) is
αδx0(l)(f1 ⊗ . . .⊗ fl) = αf1(x0) · . . . · fl(x0).
Since K(l)(1, . . . , 1) = 1, it remains to show that α = 1. The constant
α is given by the model formal Gaussian integral of the Hermitian type
on Tx0(l)M
l. We will use notations introduced in Proposition 8.1. Let
U ⊂ M be a contractible chart containing the point x0 with holomor-
phic coordinates {zp, z¯q}. We denoted by {zpi , z¯qi } the corresponding
coordinates on the ith copy of U in U l. Now we need the correspond-
ing coordinates {wpi , w¯qi } on the tangent space Tx0(l)M l = (Tx0M)l. We
define (1,1)-forms on the tangent space Tx0(l)M
l,
ω
(j,s)
−1 := igpqw
p
j w¯
q
s ,
where gpq is given by (31) and 1 ≤ j, s ≤ l. The Hermitian Hessian of
the function F
(l)
−1 at x0
(l) given in (32) induces the form (taken with the
opposite sign)
Ω =
l∑
j=1
ω
(j,j)
−1 −
l−1∑
j=1
ω
(j,j+1)
−1
on Tx0(l)M
l. The leading term of the volume form µ⊗l induces the
volume form
l∏
j=1
1
m!
(
ω
(j,j)
−1
2πν
)m
on Tx0(l)M
l. In order to prove that α = 1, we observe first that since
F (l)(x0
(l)) = 0, the term F
(l)
0 (x0
(l)) does not contribute to the model
integral. We see from the normalization condition (22) that it suffices
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to verify the identity
(40)
1
(ml)!
(
Ω
2πν
)ml
=
l∏
j=1
1
m!
(
ω
(j,j)
−1
2πν
)m
.
The summands that can nontrivially contribute to the volume form
Ωml are signed products of ml forms ω
(j,s)
−1 such that each index j and
each index s appear exactly m times. Explicitly, each summand is of
the form
l∏
j=1
m∏
k=1
(−1)sjk−jω(j,sjk)−1 ,
where sjk = j or sjk = j + 1. Since the multiset {s11, . . . , slm} should
contain each number {1, 2, . . . , l} with multiplicity m, we should have
sjk = j for all j. By the multinomial theorem,
Ωml =
(
l∑
j=1
ω
(j,j)
−1
)ml
=
(ml)!
(m!)l
l∏
j=1
(
ω
(j,j)
−1
)m
,
whence the identity (40) follows. 
9. Appendix
Let x1, . . . , xn be formal variables. We will use the notations
C[[x]] := C[[x1, . . . , xn]] and dx := dx1 ∧ . . . ∧ dxn.
In the Appendix we will prove that for an arbitrary pair (ϕ, dx) such
that x0 = 0 is a nondegenerate critical point of ϕ−1 with zero critical
value, there exists a FOI at x0 = 0 associated with this pair. We work
with the full jets of functions which are expressed as formal series in xi.
Let hij be an invertible symmetric n× n matrix with constant com-
plex entries and hij be its inverse matrix. Set
ψ =
1
2
hijx
ixj and ∆ = −1
2
hij
∂2
∂xi∂xj
.
Lemma 9.1. The functional
Λ(f) = exp (ν∆) f |x=0
is the unique FOI at x0 = 0 associated with the pair (ν
−1ψ, dx) and
such that Λ(1) = 1.
Proof. We see that Λ(1) = 1 and Λ = Λ0 + νΛ1 + . . . is a formal
distribution supported at x0 = 0 such that Λ0(f) = f(0). We have
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to prove that condition (4) is satisfied, i.e., for any i = 1, . . . , n and
f ∈ C[[x]],
Λ
(
∂f
∂xi
+
1
ν
∂ψ
∂xi
f
)
= 0.
Since ∂ψ/∂xi = hijx
j , it reduces to the equations Λ0 (hijx
jf) = 0 and
(41) Λr
(
hijx
jf
)
= −Λr−1
(
∂f
∂xi
)
for r ≥ 1, where
Λr(f) =
1
r!
∆rf
∣∣∣
x=0
.
We have [
∆, hijx
j
]
= − ∂
∂xi
.
Therefore,
(42)
[
1
r!
∆r, hijx
j
]
= − 1
(r − 1)!∆
r−1 ∂
∂xi
.
Applying both sides of (42) to f and setting x = 0, we obtain (41). 
Below we use the standard grading on the variables xi and ν,
|xi| = 1 and |ν| = 2.
Consider the subspace K ⊂ C[[ν−1, ν, x]] of elements
f(ν, x) =
∞∑
r=−∞
νrfr(x)
satisfying the following two conditions:
(1) For each element f ∈ K there is an integer N ∈ Z such that
deg fr ≥ N − 2r for all r ∈ Z. Then we say that the filtration
degree of f is at least N .
(2) Each homogeneous component of f lies in C[ν−1, ν, x].
The following statements are easy to verify.
• The space K is a filtered algebra with respect to the “pointwise”
product with the descending filtration induced by the standard
grading.
• The evaluation mapping
f(ν, x) 7→ f(ν, 0)
maps K to C((ν)).
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• If hij is a matrix with constant entries, the operator
exp(ν∆) = exp
(
−ν
2
hij
∂2
∂xi∂xj
)
leaves K invariant.
• The space K contains C[[x]]((ν)).
• If an element f ∈ C[[x]] has the filtration degree at least three,
then
exp
(
ν−1f
) ∈ K.
Let ν−1ϕ−1 ∈ C[[x]]((ν)) be a formal phase function such that x0 = 0
is a nondegenerate critical point of ϕ−1. Set
hij =
∂2ϕ−1
∂xi∂xj
(0).
The filtration degree (the order of zero) of
χ := ϕ−1(x)− ϕ−1(0)− 1
2
hijx
ixj
is at least three. We represent ν−1ϕ−1 as
(43)
1
ν
ϕ−1 =
1
ν
ϕ−1(0) +
1
2ν
hijx
ixj +
1
ν
χ
The filtration degree of ν−1χ is at least one.
Lemma 9.2. The formula
Λ˜(f) := exp (ν∆)
(
eν
−1χf
) ∣∣∣
x=0
gives a FOI at x0 = 0 associated with the pair
(44) (ν−1ϕ−1, dx).
Its leading term is Λ˜0(f) = f(0).
Proof. We want to prove that Λ˜ = Λ˜0+νΛ˜1+. . . is a formal distribution
supported at zero and Λ˜0(f) = f(0). Assume that f ∈ C[[x]]. Consider
the term
(45)
1
k!
(ν∆)k
(
1
l!
(ν−1χ)lf
)∣∣∣
x=0
=
νk−l
k!l!
∆k(χlf)
∣∣∣
x=0
of Λ˜(f). Since the order of zero of (ν−1χ)lf is at least 3l, we see that
the term (45) is nonzero only if 2k ≥ 3l. Therefore, Λ˜ = Λ˜0+νΛ˜1+ . . .,
where
Λ˜r(f) =
3r∑
k=0
⌊ 2k
3
⌋∑
l=0
1
k!l!
∆k(χlf)
∣∣∣
x=0
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for r ≥ 0. In particular, Λ˜0(f) = f(0).
Now we have to show that
Λ˜
(
∂f
∂xi
+
1
ν
∂ϕ−1
∂xi
f
)
= 0
for any i = 1, . . . , n and f ∈ C[[x]]((ν)). By representation (43) and
Lemma 9.1,
Λ˜
(
∂f
∂xi
+
1
ν
∂ϕ−1
∂xi
f
)
= Λ˜
(
∂f
∂xi
+
1
ν
hijx
jf +
1
ν
∂χ
∂xi
f
)
=
exp(ν∆)
(
eν
−1χ
(
∂f
∂xi
+
1
ν
hijx
jf +
1
ν
∂χ
∂xi
f
))
=
exp(ν∆)
((
∂
∂xi
+
1
ν
hijx
j
)
eν
−1χf
)
= 0.

Using Lemma 9.2 and the same arguments as in the second half of
its proof, we can prove the following theorem.
Theorem 9.1. Let ϕ = ν−1ϕ−1 + ϕ0 + . . . ∈ C[[x]]((ν)) be a formal
phase function such that x0 = 0 is a nondegenerate critical point of
ϕ−1. Set ϕ˜ := ϕ− ν−1ϕ−1 − ϕ0(0). Let Λ˜ be the functional built from
the phase function ν−1ϕ−1 as in Lemma 9.2. The formula
Λˆ(f) := Λ˜
(
eϕ˜f
) ∣∣∣
x=0
gives a FOI at x0 = 0 associated with the pair (ϕ, dx). Its leading term
is Λˆ0(f) = f(0).
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